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Abstract 
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In this paper, we introduce a new criterion for the convergence of a sequence of hyperbolic 
metrics to a point on Thurston’s boundary of Teichmiiller space. The criterion uses a global 
parametrization of Teichmiiller space, which has recently been introduced by Thurston, and the 
main point of the present work is to show that in some precise sense this parametrization extends 
to the boundary. As an application, we prove that the earthquake flow along a maximal measured 
geodesic lamination extends to a Row on the boundary of Teichmiiller space, and we give a 
description of the flow induced on the boundary. 
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1. Introduction 
Consider a closed surface M of genus ~2, equipped with a hyperbolic metric, 
and let I_L be a geodesic lamination on M, which has the property that its complemen- 
tary regions are all isometric to ideal triangles. Thurston has shown in [ 151 how we 
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can associate to cc. a global parametrization, for the Teichmiiller space, T, of M 
which is given by a map +,, : T + MF( CL). The parameter space MF( I_L ) is a subspace 
of the space MF of equivalence classes of measured foliations on M, defined as the 
set of equivalence classes which can be represented by measured foliations transverse 
to /.L. 
The heart of this paper is a double inequality which we give in Lemma 4.9 and 
which gives, for a sequence of hyperbolic metrics converging to a point on the 
boundary of Teichmiiller space, a relation between the length of a simple closed 
geodesic in one of these hyperbolic metrics, and the intersection number of the 
isotopy class of the geodesic with the measured foliations associated to the metrics 
by the map 4w. This generalizes a result we have already obtained in a simpler case: 
the case where the surface M has cusps and where the lamination has only a finite 
number of leaves, each tending to a cusp (cf. [ 121). 
One immediate consequence is that the parametrization above extends to 
Thurston’s boundary, PMF, of Teichmiiller space. More precisely, we prove that if 
a sequence of hyperbolic ,metrics tends to infinity and converges to a point in the 
projective space PMF(p), the sequence of projective classes of measured foliations 
associated to these metrics converges to the same point in PMF. There is also a 
converse which is true (see the precise statement in Theorem 4.1). 
There is another consequence, which will be proved as a corollary of the first 
one; it is about the extension of the earthquake flow to the boundary of Teichmiiller 
space. To state this result, we need first to recall that there are two distinct ways of 
parametrizing the earthquake flow, which are both natural. To see how these two 
parametrizations are defined, recall first that we can define the (parametrized) 
earthquake flow associated to a measured geodesic lamination v by taking a sequence 
of weighted simple closed geodesics x,.Ci converging to Y in the topology of MF, 
and taking the limit of the sequence of (parametrized) Fenchel-Nielsen flows (or 
“twist” flows) along the geodesics Ci, weighted by the sequence of real numbers xi. 
There are two natural ways of parametrizing the Fenchel-Nielsen flow along a 
geodesic. The first one (used for example by Kerckhoff in [6]) consists, at time f, 
of twisting by an amount equal to t, along the geodesic Ci, with respect to the metric 
on Ci induced by the hyperbolic metric on the surface. With this parametrization, 
it is easy to see that the Fenchel-Nielsen flow extends continuously by the identity 
to the boundary of Teichmiiller space. Now it is natural to ask whether this flow 
can be reparametrized so that it induces continuously a nontrivial flow on the 
boundary; in other words, we can ask whether the fxation of Teichmiiller space 
induced by the flow induces a nontrivial foliation on the boundary of that space. 
Indeed, there is a second way of parametrizing the Fenchel-Nielsen flow along 
a geodesic Ci. This is defined by twisting, at time t, by an amount equal to t-lg( Ci), 
where I,(C,) is the length of C, with respect to the hyperbolic metric g which we 
are deforming. It is easy to see that the time-l map associated to this flow induces 
on Teichmiiller space the same action as that of the mapping class defined by the 
Dehn twist along Ci. So this parametrization is also quite natural. And in fact it 
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turns out that the Fenchel-Nielsen flow with this parametrization extends con- 
tinuously to Thurston’s boundary. The flow induced on the boundary is the quotient 
of a flow defined on the space MF. This flow on MF can be described as “twisting” 
the measured foliations which have nonzero intersection number with the curve Ci. 
The fixed-point set of the flow on PMF is equal to the subset defined by the equation 
i(C,,.) =O. This is explained in [lo], and it uses local parameters near a point on 
the boundary of Teichmiiller space which are adapted to the curve Ci. 
We shall refer to the Fenchel-Nielsen flow with this second parametrization as 
the “normalized” Fenchel-Nielsen flow. A few words are in order to see that this 
normalized earthquake flow is a continuous flow on Teichmiiller space, and that it 
is the limit of normalized Fenchel-Nielsen flows. 
If &,I denotes the nonnormalized Fenchel-Nielsen flow associated to the curve 
C and gel denotes the normalized one, we have, by definition, for every element 
g of 7-, ‘Q(g) =&&4”(g). 
In a similar manner, we define, for every measured geodesic lamination V, the 
associated normalized earthquake flow %‘“r by the formula $,1(g) = oP,llcx.+g), where 
dGp, denotes the nonnormalized earthquake and /(g, V) the length of the lamination 
v (see the definition in Section 3 below). As a sequence of weighted simple closed 
curves x,.C, converges to a measured geodesic lamination V, we know that the 
sequence x,.I(g, C,) converges to I(g, v). (see Section 3). 
On the other hand, Kerckhoff proves in [6] that for any fixed element g of 
Teichmiiller space, the nonnormalized earthquake flow defines a function &(,,r j(g) 
which is continuous on the product space MF x R. Therefore, if 8, (respectively 
&,,) denotes the normalized (respectively nonnormalized) Fenchel-Nielsen flow 
along the weighted curve x,.C,,, we can write 
hir &t(g) = hir d,Lx,.l(g,, C,)(g) = d”fw(g) = 8,(g). 
For the continuity of the “flow” 8,f, we observe that for a fixed V, the function 
ccPyl(g) is continuous in the variables (r, g). Now the continuity of the length function 
implies that for a fixed V, the function 8,1(g) is also continuous in the variables 
(t, g). With this, we can see that E,,t(g) is actually a flow. 
In this paper, we consider the normalized earthquake flow associated to a measured 
geodesic lamination p which is maximal (i.e., for which every complementary 
component is isometric to an ideal triangle). We use Thurston’s parameters of 
Teichmiiller space associated to p that we referred to above, together with our result 
on the behaviour of these parameters when a sequence of hyperbolic metrics 
converges to a point on the boundary, to prove that the normalized earthquake flow 
associated to p extends continuously to the boundary of Teichmiiller space, on 
which it induces a nontrivial flow. 
The plan of this paper is as follows: 
In Section 2, we describe the parameters of Teichmiiller space that we will be 
working with. This parametrization has been defined by Thurston and is contained 
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in his paper [15]. For the convenience of the reader, we recall the necessary 
definitions together with the main construction, which is that of the horocyclic 
foliation associated to a maximal geodesic lamination on a hyperbolic surface. 
We state as Theorem 2.1 Thurston’s result that we shall be using, which says that 
a certain map from Teichmiiller space to a subset of MF is a homeomorphism. This 
is the parametrization of Teichmiiller space associated to the maximal geodesic 
lamination EL. 
Section 3 contains some material about lengths of measured foliations and related 
facts on a hyperbolic surface. This notion of length is a generalization of the notion 
of length for simple closed curves, and is defined in the same way Thurston has 
defined the length of a measured geodesic lamination. We prove some facts about 
lengths, intersection functions and related matters which are used in the next sections. 
Section 4 contains the proof of the main result on the convergence of sequences 
of hyperbolic metrics to points on the boundary of Teichmiiller space. This result 
is stated as Theorem 4.1. 
Section 5 is independent of the subsequent part of the paper. We discuss in it 
some simple facts concerning the geodesics of a new metric on Teichmiiller space, 
which is defined by Thurston in his paper [ 151. These geodesics are called “stretch 
lines” and are defined in terms of the parameters of Teichmiiller space that are 
associated to a maximal geodesic lamination p, which we were using before. An 
immediate consequence of our work is that any stretch line converges to a definite 
point on the boundary of Teichmiiller space. We consider also “anti-stretch” lines 
(i.e., stretch lines equipped with the opposite orientation); these are not geodesics 
for the metric. (The metric is nonsymmetric.) We discuss their convergence to the 
boundary. 
Section 6 contains the proof of the result about the extension of the normalized 
earthquake flow. To prove this result, we use a description of the earthquake flow 
that Thurston gives in his paper [15], and this description makes use of shear 
coordinates for measured foliations. For the convenience of the reader, we have 
included in this section a description of these coordinates. The flow induced on the 
boundary turns out to be the same as a flow we have already studied in [ll]. 
We conclude this introduction by fixing the notation for the rest of the paper. 
Throughout this paper, M is a closed surface of genus g 2 2. We begin by recalling 
a few definitions. The details about all the notions that are used are contained in 
[4] and [14]. 
The Teichmiiller space of M is denoted by T and is viewed as the space of 
hyperbolic metrics on M up to homotopy. More precisely, it is the space of couples 
(f; S) where S is a hyperbolic surface and f: M + S is a homeomorphism defined 
up to homotopy, with the equivalence relation that identifies two couples (f,, S,) 
and (fi, S) if there exists an isometry g : S, --, SZ such that the homotopy classes 
f, 0 g and f2 are equal. 
We shall denote our surface by S or M, and whenever we use the letter S, it will 
mean that the surface is equipped with a hyperbolic structure. 
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MF denotes the space of measured foliations on M up to isotopy and Whitehead 
moves, and PMF is the quotient space of MF with respect to the action of the set 
R, of positive real numbers. S denotes the set of isotopy classes of simple closed 
curves on M which are not homotopic to a point. There is a natural injection from 
the set R+.S into MF. We shall denote by i(.,.) the intersection function defined on 
the product MF x MF, which extends continuously the geometric intersection func- 
tion defined on couples of weighted simple closed curves (cf. [13] or, in a more 
general context, [l] and [2]). 
For any element g in T, and any element (Y in S, we denote by Ig(~) the length 
of the unique geodesic in the class cu, measured with the hyperbolic metric g. We 
recall that the topologies of the spaces MF and T are defined by the inclusion of 
these spaces in the space (ws of positive functions on S, via the functions i( F,.) and 
I,(. ) respectively. 
Finally, if F is either a measured foliation or an element of the space MF, we 
denote by [F] its image in PMF. 
2. A parametrization of Teichmiiller space (following Thurston) 
This section contains some terminology and a construction of Thurston which 
provides the global parameters of Teichmiiller space that we shall be working with. 
For every maximal geodesic lamination CL on the hyperbolic surface S, Thurston 
constructs in [15] a measured foliation, denoted by F,(g), and which we shall call 
the horocyclicfoliation (associated to CL and to the hyperbolic structure g on S). 
The construction is as follows: 
By assumption, the complementary components of I_L are all isometric to ideal 
triangles. In each of these components, we define a partial foliation (i.e., a foliation 
whose support is a subsurface), whose leaves are obtained by intersecting the ideal 
triangle with horocycles centered at the ideal vertices. These horocycles, of course, 
meet the edges of the triangle with right angles. The partial foliation is chosen in 
such a way that the nonfoliated region is equal to a little triangle whose edges are 
subarcs of horocycles which meet tangentially at their endpoints. That this foliation 
exists and is uniquely defined can be seen by making the construction in a particular 
triangle in the unit disk, like the one represented in Fig. 1, and using the fact that 
any two ideal triangles are isometric. 
These partial foliations in the ideal triangles fit together on the surface and define 
a partial foliation on this surface, which has a well-defined invariant transverse 
measure, which is uniquely specified by the fact that on the leaves of p, this transverse 
measure coincides with hyperbolic distance. We obtain in this way a measured 
foliation, F,(g), which has a well-defined class in MF. Note that by construction, 
this class has the property that it can be represented by a measured foliation that 
is transverse to p. Conversely, Thurston proves in [15] that the elements of MF 
which possess this last property are classes of horocyclic foliations which arise as 
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Fig. 1. 
above, for the same p and for some hyperbolic metric. More precisely, let MF(p) 
denote the subset of MF which consists of equivalence classes which admit repre- 
sentatives transverse to p. Then we have the following 
Theorem 2.1 (Thurston [ 15, $93). For any maximal geodesic lamination p, the map 
c$~ which associates to each hyperbolic metric the equivalence class of its horocyclic 
foliation is a homeomorphism from Teichmiiller space to the subset MF(/.L) of MF. 
Remark. Although Thurston’s theorem is valid when p is any maximal geodesic 
lamination, in this paper we shall always suppose that p is a measured geodesic 
lamination in the usual sense, i.e., that it admits a transverse measure of full support. 
However, the result in Section 5 about the behaviour of stretch lines is valid also 
in the case where p does not necessarily admit a transverse measure, as we remark 
in that section. 
3. The length of a foliation and of a lamination, and the geometric 
intersection function 
Definition 3.1. If p is a measured geodesic lamination on the hyperbolic surface S, 
Thurston has defined the length of CL, as the total mass of the surface with respect 
to the product measure dt x dl where dl is the l-dimensional Lebesgue measure on 
the leaves of /.L (which is derived from the Riemannian metric), and dt the l- 
dimensional transverse measure of CL. We shall denote the length of p with respect 
to the metric g by l&u) (see [14] and [7]). 
Thus, there is a function li:i (which we shall also denote as I( .,.)) defined on 
the product space T x MF, where for g E T and FE MF, in order to compute l(g, F), 
we have to replace F by the measured geodesic lamination (with respect to the 
hyperbolic structure g) which represents it. We know that this function is continuous 
in the two variables (see [7]). If x+Ci is a sequence of weighted simple closed 
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geodesics converging to p in the topology of MF, the quantity 1&u) is therefore 
equal to the limit of the sequence of real numbers Xk1z(Ci). 
We need to generalize this notion of length to any measured foliation or lamination 
(which is not necessarily geodesic) on the surface S. So we make the following 
definition. 
Definition 3.2. Let F be a measured foliation on S, or a partial measured foliation 
(i.e., a measured foliation supported on a subsurface of S, for example, the horocyclic 
foliation associated to a maximal geodesic lamination), or a measured lamination 
(we can stick to laminations isotopic to measured geodesic laminations). We define 
the length of F with respect to the hyperbolic metric g, which we denote by L(g, F), 
as the total mass on S of the product measure dt x dl, where dt is the transverse 
measure of F and dl is the Lebesgue measure along the leaves of F. 
One way of making the above definition more explicit is the following: By 
compactness, we can cover the support of the foliation or the lamination with a 
finite number of rectangles (flow boxes) with disjoint interiors, where if such a 
rectangle is parametrized by Ix I (where I is an interval), the induced foliation 
(or lamination) is the horizontal product foliation on I x B, where B is a closed 
subset of the interval I. (In the case where F is a foliation, B is equal to the whole 
interval I.) Now, computing L(g, F) is just a matter of integrating a product measure 
on the rectangles and adding the results. It is easy to see that the definition does 
not depend on the choice of the cover. 
Recall that for every F as above, we denote by I(g, F) the length of the unique 
measured geodesic lamination representing F. If C is a simple closed curve which 
is not homotopic to a point, let y be the closed geodesic on S which represents it. 
It is a classical result that the length of C is bounded below by the length of y. We 
shall need a generalization of this result to the case of a measured foliation F; and 
this is the following: 
Proposition 3.3. Let F be a measured foliation, or a partial measured foliation, or a 
measured lamination on the surface S equipped with a hyperbolic metricg. Then we have: 
Proof. For the proof, we shall suppose that F is a measured foliation. The cases 
of a partial measured foliation and of a lamination can be handled in the same 
way. We shall prove first the inequality in a special case and then deduce the general 
case by a continuity argument. 
Suppose to begin with that all the leaves of F are closed leaves, so that F is the 
union of a finite number of cylinders D,, . . . , D,, foliated by parallel circles, the 
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interiors of the cylinders being disjoint. Let C,, . . . , C, be the corresponding 
homotopy classes, and y, , . . . , y,, be the geodesics representing them. 
For each of the cylinders Di, we know that the length of a closed leaf in 0, is 
bounded below by the length of the geodesic yi. NOW if hi is the height of Di (i.e., 
the transverse measure of an arc joining the two boundary components of the 
cylinder and transverse to the foliation), the length of this foliated cylinder (with 
respect to the product measure of the Lebesgue measure along the leaves with the 
transverse measure) is therefore bounded below by the quantity h,.l(y,). Therefore, 
L(g, F) is bounded below by the sum xi hi.r(yi), which is precisely equal to the 
length of the measured geodesic lamination representing F. 
Now that we are done with the particular case, let F be any measured foliation 
on S. 
We claim that there exists a sequence F, of measured foliations which has the 
following 3 properties: 
- For every n, the foliation F, has all its leaves closed; 
- when n + 00, F,, converges to F in the topology of MF; 
- when n + CO, L(g, F,,) converges to L(g, F). 
There are many ways of proving the existence of such a sequence F,; one of 
them uses the machinery of train tracks (explained by Thurston in [14]), and we 
describe it briefly in what follows. (For more details, the reader can also consult 
[51 or 191.) 
The class [F] admits a representative foliation which is supported on the fibred 
neighborhood of a train track, where each complementary region of that neighbor- 
hood has been collapsed onto a spine. Thus, the foliation F appears as a union of 
rectangles, each rectangle foliated by (say) horizontal leaves, the interiors of the 
rectangles being disjoint. These rectangles are in natural one-to-one correspondence 
with the edges of the train track, and there is a system of positive weights on the 
train track which is induced by F, where the height of the foliation induced on each 
rectangle is equal to the weight on the corresponding edge of the train track. NOW 
we can approximate this system of weights on the train track by a sequence of 
rational systems of weights, which represents a sequence F, of measured foliations 
each of which has all its leaves closed, and which converges to F in the topology 
of MF. Furthermore, we can choose the sequence of representatives to converge 
geometrically to F in the train track neighborhood, so that each foliation in the 
sequence is a union of foliated rectangles (the same rectangles as for F), with the 
length of each rectangle with respect to the foliation induced by F, converging to 
the length of the rectangle with respect to the foliation induced by F. From this last 
property, we deduce that L(g, F,,) converges to L(g, F) when n goes to infinity. 
On the other hand, we know by the continuity of the geodesic length function 
on the product T xMF (see Definition 3.1) that I(g, F,) converges to l(g, F) when 
n tends to infinity. Finally, by the particular case proven above, we have l(g, F,) 5 
L(g, F,). By making n tend to infinity in the last inequality, we obtain that I(g, F) s 
L(g, F), which proves the proposition. Cl 
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We shall also make use of the following few facts about the geometric intersection 
function, which are easy to prove. First, we make a definition: 
Definition 3.4. For i = 1 and 2, let F, be either a measured foliation, a partial 
measured foliation or a measured lamination on the surface M, and suppose that 
F, is transverse to F2 (transverse at each point where they intersect; we do not 
suppose that the supports are the same). We define the quantity Z(F,, F2) as the 
total mass on the surface of the product measure dx, x dx,, where for i = 1 and 2, 
dX< denotes the transverse measure of F;. Then we have the following 
Lemma 3.5. Z(F,, FJ 2 i(F,, FJ. 
Lemma 3.6. Suppose furthermore that there is no Whitney disk for the couple (F, , F2), 
that is, a disk on the surface whose boundary is the union of an arc in F, and an arc 
in F2. Then, we have Z( F,, FJ = i(F,, F2). 
For the proof of Lemmas 3.5 and 3.6, notice first that in the case where F, or F, 
is a simple closed curve, a proof is contained in [4, Expose 51. The general case 
can be deduced by a continuity argument analogous to the one we have made during 
the proof of Proposition 3.3 
We make now the following two remarks: 
Remark 3.7. If F, and F2 are transverse measured foliations with the support of 
each one being equal to the whole surface, then there do not exist Whitney disks. 
Indeed, if such a disk existed, then by doubling this disk along one of the two arcs 
in the boundary (contained in one of the foliations), we would get a closed disk 
which is equipped with a foliation with singularities of the allowed type. This is 
impossible by the existence of an Euler characteristic formula (see [4, Expose 5, 
41.61). Therefore we have Z(F,, FJ = i(F,, FJ. 
Remark 3.8. If g is a maximal geodesic lamination on S and F,,(g) an associated 
horocyclic foliation (for some metric g), then this couple satisfies the condition of 
Lemma 3.6. 
We prove now some more facts which will be useful in the sequel: 
Lemma 3.9. For any* hyperbolic metric g, and for any maximal geodesic lamination I*-, 
the quantity L(g, F,+(g)) is equal to -6K, where K is the Euler characteristic of the 
surface. 
Proof. Recall that the transverse measure of the foliation F,(g) is a diffuse measure 
(with no atoms). Recall also that the lamination p is of measure zero (see Thurston 
[14, Chapter 81 or [5]). We can therefore compute the quantity L(g, F,(g)) as the 
total mass of the product measure (Lebesgue measure along the leaves of F,+(g) x 
transverse measure of this foliation) in the complement of p. 
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By the Gauss-Bonnet formula, there are -2K ideal triangles in the complement 
of p. All the ideal triangles being isometric, we can make the calculation in any 
one of them, and we take the one in the upper half plane with vertices at the points 
0, 1 and 00. Now for the cusp of this triangle which corresponds to the point co, 
the pieces of horocycles are segments parallel to the x-axis; they start at the ordinate 
1, and each piece of horocycle which is at distance t > 0 (measured in the hyperbolic 
metric) from this initial horocycle has length e -(‘-‘) The length of the horocyclic . 
foliation in this region is therefore equal to j e-“-” dt = 1. Therefore, the length of 
the foliation in each ideal triangle is equal to 3. We conclude that L(g, F,(g)) is 
equal to -6K, which proves the lemma. q 
In fact, we shall only use the following 
Corollary 3.10. The quantity l(g, F,(g)) is bounded above by a quantity which is 
independent of the hyperbolic metric g and of the lamination p. 
Definition 3.11. Given a geodesic lamination p, with a measured foliation F trans- 
verse to it (F can be a partial measured foliation, as in the case of an F,(g)), we 
shall make use, in this section and in later sections, of the notion of a rectangular 
cover adapted to the couple (F, p). By definition, this is a finite set {B,} of rectangles 
on the surface, with the following properties: the union of these rectangles contains 
the supports of F and of CL, and for every two distinct indices i and j, the rectangles 
Bi and Bj have disjoint interiors. Furthermore, for each index i, F induces a foliation 
on Bi, which we shall call the “vertical” foliation, and p induces a lamination on 
this rectangle, which we shall call the “horizontal” lamination. Note that with this 
definition, the “vertical” sides of each rectangle are contained in the leaves of F, 
whereas the “horizontal” sides are not necessarily contained in p (they can be 
disjoint from CL). 
We shall prove now that given F and p as above, we can find a rectangular cover 
adapted to the couple (F, p), and in fact we will make use of the construction that 
we give here in the proof of Lemma 3.12 which will follow. 
For the construction, we consider the case where F is a partial measured foliation 
whose support is the same as that of a horocyclic foliation, since this is the case 
that we shall deal with later on. The construction is similar to the one explained in 
([4, Expose 9, $31). We begin by choosing a set L,, . . . , Lk of disjoint segments, 
which satisfy the following properties (see Fig. 2; note that in this figure, we have 
represented the leaves of F, the segments Li, but not the leaves of CL): 
(1) Foreveryi=l,..., k, Li is contained in a leaf of p and every singular point 
of F is contained in the interior of one of the segments Li. (Recall that because we 
are considering foliations F which are homeomorphic to horocyclic foliations, the 
singular points are “cusps”.) 
(2) The union of the interiors of the segments Li intersects every leaf of F. 
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Fig. 2. 
(3) For every half-leaf of F beginning at an endpoint x of a segment Li, the first 
point of intersection (after the point x) of this half-leaf with the union of the 
segments Li is a point in the interior of one of these segments. 
Such a system of segments is easily constructed by using the fact that every 
measured foliation admits a (unique) decomposition into “components”, the 
decomposition satisfying the following properties: Each component is a foliation 
of a subsurface of M, whose leaves, away from the singular points, are tangent to 
the boundary (of the subsurface). Furthermore, if two such components intersect, 
they do so only along their boundary, and the union of the components is equal to 
F. Finally each component can be of one of the following two types: 
- an “annular” component, which consists of a maximal annulus foliated by 
parallel leaves; 
- a “minimal” component, in which every half-leaf either ends at a singular point 
or is dense in this component. 
We remark that in order to obtain such a decomposition, one can consider the 
set %‘= the union of cycles of compact separatrices (a compact separatrix being a 
leaf which joins two singular points). A component of F is the closure of a connected 
component of M - 72 For more details, the reader can consult [ 11, Sl]. 
With this decomposition theorem, it is easy to find transversals I!,, , . . . , Lk satisfy- 
ing the three properties above. All we have to do is to take a segment in a leaf of 
p around each singular point of F. If the singular point is on the boundary of an 
annular region, then we must take this segment long enough so that it intersects 
every leaf in that annulus; otherwise, we take any segment. 
Given now the set L,, . . . , Lk, we consider, for each integer i = 1,. . . , k and for 
each endpoint x of Li, the two segments K, and K: which have x as one of their 
endpoints and whose other endpoint is the first point of intersection with the union 
of the segments Lj of the half-leaf containing this segment and beginning at x. Let 
J I,“‘, J, denote the closed intervals in the leaves of F which are on the boundary 
of the support of this foliation and which join the singular points (in other words, 
these are the sides of the triangles which constitute the nonfoliated regions on the 
surface). The complement in M of the union of the segments -Ii, L,, K, and K: 
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(for all i and x) is a union of foliated (open) rectangles, and the closures of these 
rectangles define the rectangular cover adapted to (F, p). 
Let F, be a sequence of measured foliations converging geomerricaliy to a 
measured foliation F, that is, the singular points of F, coincide with those of F, 
and the leaves of F, converge, in the topology of line fields, to the leaves of F. We 
have the fo~~ow~n~: 
Lemma 3.12. Y%ere xists a recfangular cover p adapted to (F, p) and for each n, a 
rectangular cover & adapted to f F,,, p), such that the sequence of rectangular covers 
p,, converges to 0. More precisely, we need the following property to hold: 
The rectangles in every? cover pi are irtdexed by the same system ofindices* and each 
sequence of corresponding rectangles converges (in the Hausdorfl topology on closed 
subsets of the surface} to a rectangle of@. 
Proof. We use the construction described above for /!I+ For n large enough, the 
segments L, , . . . I Lk satisfy properties (l)-(3), with F replaced by F,, the support 
of F, being equal to that of F. We define the associated rectangles &,, which have 
the desired property. El 
Lemma 3.13. For any maximal measured geodesic lamination p on the hyperbolic 
surface S, we have t,(p) = i(p, F,(g)). 
Proof. Let dt denote the transverse measure of the lamination CL, and let dx denote 
that of F,(g) and consider a rectangular cover adapted to (p, F,(g)). 
Recall that dx coincides with the Lebesgue measure along the leaves of &. 
Therefore, the length of the lamination induced on a given rectangle (in the sense 
of Definition 3.1) is equal to its total mass with respect to the product measure 
dr x dx. We deduce that I&) is equal to the intersection I&, F@(g)). By Remark 
3.8, this quantity is equal to i(p, F,(g)), which proves the lemma. tJ 
4. Converging to Thurston’s boundary 
Recall that we have defined the set PMFfy) as the set of all projective classes of 
measured foliations which can be represented by measured foliations transverse to 
,u. We recall once and for all that p is a measured lamination, which is geodesic 
for some hyperbolic metric on the surface. When the metric varies, it makes sense 
to talk about the measured geodesic lamination which represents the cfass of p in 
each one of the varying metrics. We shall denote this representative by the same 
letter p. We note also that because p is a maximal lamination, the set PMF(&) is 
equal to the set of classes of measured foliations having nonzero geometric intersec- 
tion with p. (This can be deduced from a fact explained in [ 11, S2}, that every 
measured foliation with nonzero intersection number with every component of fi 
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can be represented by a measured foliation transverse to p. The fact that p is 
maximal implies that it has only one component, and the claim follows.) 
The aim of this section is to prove the following theorem: 
Theorem 4.1. (1) Let t.~ be a maximal measured geodesic lamination, as above, and 
let g, be a sequence of elements in Teichmiiller space which converges to a point in 
PMF(p). Then the sequence [ F,(g,)] of projective classes of the associated horocyclic 
foliations converges to that same point. 
(2) Suppose that the sequence g, tends to infinity in Teichmiiller space, with the 
sequence F, (g,) of horocyclic measured foliations tending also to injinity (in MF). If 
the sequence of associated projective classes [ F,(g,)] converges in PMF, then the 
sequence g, converges also and the two limits are the same. 
The proof of the theorem is divided into several steps. The most important one 
is a lemma, which we call “fundamental lemma” (in analogy with the fundamental 
lemma of [4, Expose S]), which we state as Lemma 4.9. First, we prove some easy 
lemmas and state separately a few facts which will be used later on in the proof. 
Fact 4.2. Given a maximal measured lamination p and a real number E, we define 
the set V(~A, E) as the subset of Teichmiiller space consisting of the hyperbolic 
metrics g for which we have l,(p) > E. 
Let E be a given real number, and [F] a given element of PMF(p). We have the 
following 
Lemma 4.3. The subset PMF(p) u V(~A., E) of the compactified Teichmiiller space is 
an open neighborhood of [F] in that space. 
Proof. Suppose to get a contradiction, that g, is a sequence of points in Teichmiiller 
space which converges to [F] and such that for every index n, g, is contained in 
the complement of V(p, E). We have therefore l(g,, TV) < e. 
By [4, Expose 8, Corollary (2.3)], there exists a representative F of the class [F], 
and a sequence x, of real numbers, with x, +O and x,.g, + F. Therefore, we have 
i( F, EL) = lim .x,.1(8,,, TV) = 0, which is a contradiction. The lemma follows easily. Cl 
Assumption. By the above lemma, in order to prove part (1) of Theorem 4.1, we 
can make the following assumption without loss of generality: 
There exists an F > 0 such that the sequence g, belongs to the set V(~.L, e). 
Lemma 4.4. Suppose that the sequence g, converges to a point [G] in PMF(p), and 
let [ FP (g,,)] be the associated sequence of projective measured foliations. Consider a 
convergent subsequence of the sequence [ F,(g,)] and let [F] denote its limit. Then 
we have i( F, G) = 0 (i.e., the intersection number is zerofor any choice of representatives, 
F of [F] and G of [Cl). 
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Proof. Denote by [F,,] the convergent subsequence. As g, --, [ G], there exists a 
sequence x, of real numbers, with x, + 0 and x,.g, + G. As [F”] + F, there is a 
sequence y, of real numbers such that y,,.F, + E 
Note now that x,.I(g,, p) + i(F, p) # 0, which implies that the sequence of lengths 
1(g,,, CL) tends to infinity. By Lemma 3.13, I(g,, cl) = i(F,, CL). We deduce that the 
sequence y, tends to 0. On the other hand, we have i( G, F) = lim,,,x,.y,.l(g,, F,). 
By Corollary 3.10, the sequence I(g,, F,) is bounded. Therefore, i( F, G) = 0, which 
proves the lemma. 0 
The following fact is well known, and we state it for future reference. 
Fact 4.5. Suppose that [F,,] is a sequence in PMF(k) which converges to an element 
[F] in that space. Then, we can represent [F,,] and [F] by measured foliations F, 
and F on the surface such that the convergence F,, + F is geometric, in the sense 
defined after Definition 3.11. 
There are several ways of proving this statement (for example by using the theory 
of normal forms of measured foliations with respect to a pants decomposition of 
the surface). In the present context, we can deduce this statement from the fact that 
elements in MF(p) have geometric representatives, which are the horocyclic foli- 
ations, which have the desired property. 
Actually, for a converging sequence [F”] as above, it will be convenient for us 
to use these horocyclic foliations as representatives which converge geometrically. 
Fact 4.6. We note now the fact that as p is a maximal measured geodesic lamination, 
every leaf of p is noncompact and dense in the support of p. This can be deduced 
from the corresponding (may be better known) fact that if a measured foliation 
has no leaves connecting singularities, then every leaf is dense (in the language 
defined in Section 3, the foliation has only one component, and this component 
is minimal). 
Given such a p and a measured foliation F transverse to p, let p be a rectangular 
cover adapted to (F, p) in the sense of Definition 3.11. We have the following: 
Lemma 4.7. There exists an integer N which depends only on /3, such that if L is an) 
segment in a leaf of t.~ which has the property that it intersects at least N times the 
union of (the vertical) sides of the rectangles in the cover, then L crosses at least one 
time each of the rectangles in the cover. 
Proof. (I thank Arnaldo Nogueira for his help in writing a complete proof.) Recall 
first that there exists a ramified double cover M’ of the surface M in which the 
lamination p lifts to an orientable lamination p’, where p’ has also the property 
that every leaf is dense in its support. (Note that because p is maximal, it is 
nonorientable.) The construction of p’ can be done in the same way as is usually 
done to construct the double cover of a nonorientable foliation. Once the double 
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cover is defined, the minimality of II’ is a consequence of the fact that any measured 
foliation associated to p’ has no leaves connecting singular points, as this same 
property holds for any measured foliation associated to CL. The rectangular cover p 
lifts to a cover /3’ associated to (p’, F’), where F’ is the lift of the foliation F. It 
suffices to prove the lemma with F, P and p replaced by F’, p’ and p’. For 
convenience, we suppress the primes and assume that the original lamination is 
orientable. 
We begin by choosing a transversal s to CL, which is homeomorphic to a closed 
interval and which intersects every leaf of p. (Recall that the lamination is minimal. 
Here, and at several points in the proof which follows, we shall define first return 
maps on transversals; these maps will always be well defined because the lamination 
is minimal.) 
Let us choose an orientation on the segment s, so that we can talk of half-leaves 
of CL leaving s “from the right side” and “from the left side”. In the discussion 
which follows, all the half-leaves of p with initial point on s that we shall be dealing 
with, will be supposed to leave this segment from the right side. (By the end of the 
proof, we shall delete this assumption.) 
Let T, , . . . , Tk denote the vertical sides of the rectangles of p, and consider one 
of these segments (call it Ti). We can find a nonempty closed subinterval I of s, 
such that every half-leaf of p starting at a point on I intersects the segment Ti 
before intersecting again the segment s. 
Given this interval I, and an arbitrary point x on s n Supp p, let L, denote the 
half-leaf starting at x and N(x) the number of intersection points of L, with s, 
which are contained between x and the next intersection point of L, with the interior 
of the segment I. 
Claim 1. The number N(x) is bounded above, on the whole set s n Supp pu. 
Proof. We can subdivide the interval s as a union of m subintervals s,, . . . , s, with 
the following property: On each interval s,, the first return map (defined by following 
the half-leaf leaving s from the right) restricts to a homeomorphism on each 
Sin Supp P. Furthermore, the union of the segments in the leaves of p beginning 
at x and ending at the image of x by this first return map define a “rectangle” in 
the lamination Jo, spanned by pushing by holonomy one of the sides of this rectangle. 
We shall refer to this rectangle as the “laminated rectangle associated to s,“. (If we 
had a measured foliation instead of a measured lamination /*, we would have 
subdivided s by the set of points of discontinuity of the interval exchange map 
defined by the first return map on the whole segment s. Note that the number of 
points of discontinuity is bounded above by two more than the number of singular 
points of the foliation, where the integer 2 takes into account the points x whose 
associated half-leaf first hits the boundary of the interval I.) 
Consider now the induced first return map on the segment I. We can divide this 
interval into m subintervals, I,, . . . , I,,,, such that this induced first return map is 
continuous from each 1, n Supp p to 1, and such that for each i = 1,. . . , m, the set 
of segments in p which join a point x on 1, to its image span a rectangle in the 
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sense above; we shall call this rectangle pi. (Note that we can take the number of 
intervals Zi to be the same as the number of intervals si since, as we said above, the 
two numbers are bounded above by 2+ the number of singular points of the foliation.) 
Now the laminated rectangle pi associated to each interval Zi can meet at most 
two times the boundary of the interval s, and except for these two intersections, all 
the leaves of the lamination induced on the rectangle pi intersect s in the same 
number of points. Therefore, on each set Z, n Supp p, the function N(x) is bounded, 
which implies that this function is bounded on the set Z A Supp CL. 
. By the orientability of the lamination II_, each of the rectangles pi (which, in a 
natural sense, leaves the segment Z from the right) returns to Z from the left. 
Therefore, the union of these rectangles pi covers the whole surface (since their 
union is a surface). 
In particular, any point x on s n Supp p is contained in one of the laminated 
rectangles pi, and the segment leaving x from the right side of s and ending at the 
first intersection point with Z is part of a segment in p contained in the rectangle 
pi, which implies that N(x) is bounded above by the upper bound of the function 
N(.) on ZnSuppp. 
This proves the claim. 
For each point x in s n Supp p, let N’(x) be the number of points of intersection 
of LX with the vertical sides { ri} of the rectangles in the cover ~3, before the first 
intersection point with the interval I. 
Claim 2. N’(x) is bounded, as a function of x. 
Proof. Indeed, the number of times a half-leaf starting at x intersects the set {T} 
before intersecting the interval Z again is bounded uniformly (because the segments 
involved are partitioned into rectangles, and each rectangle intersects the set {T} 
finitely many times). Therefore, the claim follows from Claim 1. 
From the preceding discussion, it follows that for each vertical side r of a 
rectangle in p, there exists an integer kj (which can be taken to be ZV, + 1, with ZV, 
being an upper bound for the set of integers N’(x), in the notations of Claim 2 
above), s.t. if x is any point of s n Supp p, then as soon as the half-leaf starting at 
x and leaving s from the right side intersects ki times the set of vertical sides of the 
rectangles of p, then it intersects at least one time the vertical side Tie 
By the same argument applied to the half-leaves leaving s from the left side, and 
by considering all the vertical sides {T} of the rectangles of p, we end up with the 
following claim: 
Claim 3. There exists an integer k with the following property: Let L, be a half-leaf 
of p which starts at a point x of s n Supp p, and which leaves this segment from any 
one of the two sides. Zf the intersection of L, with the union of the vertical sides of the 
rectangles has at least k points, then L, has necessarily nonempty intersection with 
each one of these sides. 
Lemma 4.7 follows easily from this claim. 0 
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Let [F”] be now a sequence of elements in PIMF(~) which converges to 
the element [F] in that space, and let F, be a sequence of representatives of [Fn] 
by horocyclic foliations, converging geometrically to a horocyclic foliation F 
representing [F]. 
Suppose that we are given a rectangular cover /3 adapted to (F, CL) in the sense 
defined after Definition 3.11. Then, by Lemma 3.12, we can find, for each n, a 
sequence Pn of rectangular covers adapted to (F,,, CL) such that the sequence of 
covers pn converges geometrically to the cover p. 
With this condition on the sequence /?,,, we have the following 
Lemma 4.8. There exists an integer N such that for every i = 1, 2, . . . , and for ever) 
segment L in a leaf of p which intersects at least N times the set of vertical sides of 
the rectangles of pi, the segment L passes at least one time through each rectangle 
of Pi. 
Proof. Consider a rectangular cover p’, defined by subdividing each rectangle of p 
into three subrectangles, this subdivision being made by adding two horizontal 
segments which are in the leaves of p, and which go from one vertical side of a 
rectangle to the opposite side. We then apply Lemma 4.7 to the cover p’. Let L be 
a segment in a leaf of p which goes through every rectangle of p’. By the geometric 
convergence of the rectangles of Pn to those of 0, for n large enough, the segment 
L, which crosses every rectangle in /3’ (and in particular the middle one) crosses 
the corresponding rectangle in /3,,. 0 
We continue now the discussion begun in Theorem 4.1, with the assumption made 
in Fact 4.2. 
Let g, be a sequence of elements in V(p, e) converging in Iwf to a point [G] in 
PMF(/*). Consider the sequence [F,] = [ F,(g,)] of projective classes of the associ- 
ated horocyclic measured foliations, and let [F] be a cluster point of this sequence. 
We wish to prove that [F] = [G]. This will prove that the sequence [F’(g,,)] 
converges to [G]. 
With these notations consider a subsequence of [F,,] converging to [F], and to 
simplify notations, suppose that the subsequence is equal to the sequence itself. 
In order to prove that [F] = [G], it suffices to prove the following lemma, which 
is an analogue of the “fundamental lemma” of [4, Expose 81. 
Fundamental lemma 4.9. For every element a of S, there exists a constant C such that 
for every n = 1, 2, . . . , we have i(F,,, cr)~l(g,,a)~ i(F,,, cu)+C. 
The proof of Lemma 4.9 is given below. Let us prove first the following: 
Claim 4.10. Lemma 4.9 implies that [F] = [G]. 
Proof. As g, converges to [G] in PIW”, there exists a sequence x, of real numbers, 
converging to 0, such that x,.g, converges to G in [WT. 
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By Lemma 4.9, we have, for every u in S, 
i(X”.F”, a)~x,.l(g,, a)< i(X,.F”, (r)+x,.c. 
Therefore, ]i(x”.F,, a) - x,,.l(g,, a)1 + 0 when n + co, which implies that x,.F, -* F, 
and [F,]+[F]. Cl 
Proof of Lemma 4.9. (i(F,, a) S l(g,, cr)). The proof can be done in the same way 
as for the case treated in [12], where the lamination /.L is finite (i.e., where the 
surface has cusps and the lamination is the l-skeleton of an ideal triangulation). 
For the convenience of the reader, we reproduce here the main steps. 
Given the hyperbolic metric g, on the surface, let (Y* denote the closed geodesic 
representing the class LY. ((Y* depends on the metric, but to save notations, we do 
not put an index to (Y.) (Y* is transverse to CL, since p has no closed leaves. 
Define K to be the subset of the surface S equal to the complement of the 
lamination p in the support of F,,. K is equal to a union of foliated parts of ideal 
triangles (where we do not include the boundary of the triangle). Consider a 
connected component of the intersection of (Y * with K, and let k denote its closure. 
k is a segment which can be of one of the following 3 types, represented in Fig. 3: 
0 type 1: the two endpoints of k are on /A, 
0 type 2: there is exactly one endpoint of k that is on /_L, 
0 type 3: no endpoint of k is on p. 
By elementary hyperbolic geometry, the segment k can have at most one point 
of tangency with the foliation F,, . We can therefore modify k in the following manner: 
We replace k by a segment k’ in a manner which depends on the type of k with 
respect to the classification above into three types: If k is of type 1 or 2, then the 
segment k’ has the same endpoints as k, and is obtained by pushing k in a direction 
transverse to the leaves of the foliation, so that the resulting segment k’ is transverse 
to the leaves. If k’ is of type 3, we push it in the nonfoliated region next to it. 
Note now that in the cases where k is of type 1 or 2, the transverse measure 
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k on one side of the ideal triangle in which it is contained (the projection being 
done along the leaves of the horocyclic foliation). Again, by elementary hyperbolic 
geometry, the length of the projection is not greater than that of k. Therefore, we have: 
Let cy** denote the closed curve obtained out of (Y* by applying the 
modification to each connected component of the intersection of LY* with 






(1(g,,, (Y)G i(F,, (Y)+ C). Let (Y be an element of S. We can represent this class 
by a curve (Y’ which is quasi-transverse to F (in the sense of [4, Expose 51). Recall 
that this means that cy’ is made up of a union of segments which are either transverse 
to F, or in the leaves of this foliation, the latter being segments which join two 
singular points of F, with the condition that at the singular points of F, two 
consecutive segments of (Y’ are not in the same sector. Note that this implies that 
LY’ has minimum intersection number with F. 
Let p be a rectangular cover adapted to (F, p) (in the sense of Section 3). A 
connected component of the intersection of the curve cr’ with one of the rectangles 
is either contained in a vertical side or is transverse to that side. By general position, 
we may assume that it is transverse to the horizontal sides. 
Consider now a segment k in (Y’, which is a connected component of the intersec- 
tion of a’ with one of the rectangles of /3. By quasi-transversality to F, the intersection 
pattern of the segment k with the sides of the rectangle in which it is contained is 
of one of the types represented in Fig. 4 (in which the vertical sides of the rectangles 
are of course, those in F). In types 1 and 3, we allow the segment k to be contained 
in a vertical side of the rectangle. 
We perform now the following operations on k: 
If k is of one of the types 1, 2 or 3, then we replace it by a segment in the same 
homotopy class with endpoints fixed, which is either transverse to F or is in a leaf 
of F, and which is either contained in a leaf of cr. or is transverse to CL. 
TYPeI Type 2 Type 3 Type 4 
Fig. 4. 
If k is of type 4, we push it along the leaves of F into the neighboring rectangles, 
as indicated in Fig. 5. 
In each case, we perform the above operation without changing the intersection 







Note that in the case of type 4, the operation we perform strictly reduces the 
number of intersection points of the curve with the union of the horizontal sides 
of the rectangles, so that after a finite number of steps, we can suppose that the 
connected components of the intersection of CY’ with the rectangular cover are made 
up of segments which are of type 1, 2 or 3, and which are either transverse to p or 
contained in a leaf of CL. 
Now, following Fact 4.5 and the condition following Claim 3, as [F,,] converges 
to [F], we can consider representatives F, which are horocyclic foliations converging 
geometrically to F, together with a sequence of rectangular covers Pn adapted to 
(F,, p) converging geometrically to the cover p (in the sense of this condition). 
Given the element cy in the set S, we may suppose (by the geometric convergence 
of F, to F) that for n large enough, we have a representative ai of (Y which is 
quasi-transverse to F,, which converges geometrically to (Y’ (the curves cz: can be 
obtained by moving (Y’ slightly), that the patterns of intersection of a: with the 
rectangles of P,, are of the types 1, 2 or 3 of Fig. 4, and that in each rectangle, (Y: 
is either transverse to p., or is a segment in p joining the two opposite vertical sides 
of the rectangle. We can also suppose that for n large enough, the following two 
properties hold: 
Property A. The number of connected components of the intersection of cr: with 
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fact that the rectangles in any two covers in the sequence Pn are in one-to-one 
correspondence, and that cr: converges geometrically to cr’). 
Property B. The numbers of connected components in cr: contained in the 
nonfoliated region of the surface is bounded independently of n. 
For each n, we replace cr: by a curve (YE constructed in the following way: 
Let s, be a connected component of the intersection of (Y: with the interior of a 
rectangle in fin. We replace s, by two consecutive segments s2 and sj which are 
projections of S, on p and F, respectively, as indicated in Fig. 6. (If s1 is contained 
in p (respectively F), we let s2 = s, (respectively So), and So (respectively sl) is 
reduced to a point.) 
We have now the following 
Lemma 4.11. The g,-length of each of the segments s, is bounded above by a quantity 
which is independent of n. 
Proof. Recall that by assumption, all the metrics g, in the sequence satisfy 1(g,, p) > 
E. By Lemma 3.13, for each n, this length is equal to the sum, over all rectangles in 
P,,, of the area of each rectangle, where the area is measured with respect to the 
product of the transverse measures of F, and p. 
The transverse measure (with respect to p*_) of the vertical side of a rectangle is 
bounded above independently of n, since the sequences of sides converge geometri- 
cally to sides of F, and the transverse measure of p is independent of n. 
Therefore, we have the following: 
Fact 4.12. The sum of the F,-measures of the horizontal sides of the rectangles in 
P,, is bounded below by a constant h which is independent of n. 
Proof of Lemma 4.11 (continued). By Lemma 4.8, there is an integer N, which is 
independent of n, such that if a segment L in p has at least N points of intersection 
with the union of the vertical sides of the cover Pn, then it crosses at least one time 
each rectangle in the cover F,. By Fact 4.12 L has therefore length >h. 
The set of intersection points of sj with the lamination p has measure zero (with 
respect to the Lebesgue measure on s3). Therefore, we can calculate /(g,, sj) as the 
infinite sum of the lengths of the components of the intersection of sJ with the 
complement of p*, i.e., with the interiors of the ideal triangles. There are finitely 
many ideal triangles, so it suffices to show that the sum of the lengths of the segments 
of intersection of s3 with any one of them is bounded above independently of n. 
Consider one of the ideal triangles, and look at one of the 3 foliated regions in 
this triangle. The intersection of s3 with this foliated region is an infinite union of 
segments of the horocyciic foliation, and we have proven that if two of these segments 
in a cusp of p are separated by at least N other segments in that cusp, then they 
are separated by a distance at least equal to h. By looking (as in Lemma 3.9), in 
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the ideal triangle in the upper half-plane with vertices at 0, 1 and cc, to the foliated 
region corresponding to the point co, we see that if a horocyclic segment is at 
distance t from the nonfoliated region, then its length is equal to e-‘. This proves 
that the infinite sum converges and is bounded above by a quantity which is 
independent of n. This finishes the proof of the lemma. 0 
Proof of Lemma 4.9 (continued). (I(g,, a) si(F,,a)+C). We have /(g,,,cr)S 
L(g,, a:). We write the quantity L(g,, ax) as the sum ofthe following three quantities 
(using the notations mentioned above Lemma 4.11): 
- the sum of the lengths of segments of the form s2, 
- the sum of the lengths of segments of the form So, 
- the sum of the lengths of the connected components of the intersection of LYE 
with the nonfoliated regions of the surface. 
Note now that the number of segments involved in each of the three quantities 
above is finite and is bounded independently of n (by Properties A and B). 
The first quantity is equal, by construction, to i( F,,, a). The second quantity is 
bounded above independently of n, by Lemma 4.11. Finally, we can change 
each connected component of the intersection of crz with the nonfoliated part 
of the surface, so that it has length ~1 (since the diameter of such a region is 
bounded by 1). Therefore, there exists a constant C, independent of n, such 
that I(g,, cu)~ i(F,,, a)+C. 
The proof of Lemma (4.9) is now complete. Cl 
We now finish the proof of Theorem 4.1. 
We have already completed the proof of part (1) of that theorem. 
To prove part (2), suppose that the sequence g,, tends to infinity in T, and 
suppose that the sequence F,(g,) tends to infinity in MF, with [Fw(g,,)] 
converging to a point [F] in PMF(/L). 
Let [G] be a cluster point of the sequence g,. By the proof of Lemma 4.4, 
we have also i(G, F) = 0, so that G is also in PMF(p). By the part of the 
theorem we have already proven, we have [F] = [G]. Therefore, the whole 
sequence g, converges to [F]. The proof of Theorem 4.1 is now complete. 
5. Remarks on stretch lines in Teichmiiller space 
There is a family of lines in Teichmiiller space which arises naturally in terms of 
the parameters of that space associated to the lamination p, and this family is 
particularly interesting. 
One of the properties of the lines in this family is that they are geodesic lines for 
a metric on Teichmiiller space which is defined by Thurston in [15]. 
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We will not recall the definition of the metric since we do not need it; we refer 
the interested reader to [ 1.51. We shall prove a property of the behaviour at infinity 
of these lines. 
To define these lines, recall that the set MF(p) of equivalence classes of measured 
foliations transverse to p has a natural cone structure, and define a positive ray in 
that space to be a one-parameter family of measured foliation classes of the form 
(X.F),zo, where F is an element of MF(p), and where this ray is equipped with 
the positive orientation induced by the real numbers. The image of such a ray by 
the map c$~ (defined in Theorem 2.1), is called a stretch line in Teichmiiller space, 
and is a geodesic for Thurston’s metric that we referred to above. 
Note. It is important to specify the orientation in the definition of a stretch line, 
because this line equipped with the opposite orientation is not a stretch line, and 
is not a geodesic (the metric is nonsymmetric). 
When p is a maximal measured geodesic lamination, we have, as an immediate 
consequence of Theorem 4.1, the following result on stretch lines: 
Theorem 5.1. Any stretch line which is the image by the map d,, of a ray of the form 
(x.F),,, converges to the point [F] on the boundary of Teichmiiller space. 
Remark. Thurston’s Theorem 2.1 is valid when p is any maximal geodesic lamination 
(not necessarily equipped with a transverse measure of full support). To prove 
Theorem 4.1, we had to suppose that p was a measured geodesic lamination; we 
made an assumption about the length of p not being too small, and we used the 
transverse measure of full support. However, Theorem 5.1 is true for any maximal 
geodesic lamination p, and to prove this, we can prove the double inequality in 
Lemma 4.8 in the case where the sequence of hyperbolic metrics goes to infinity on 
a stretch line, without the hypothesis on the existence of a transverse measure for 
CL; we can just follow step by step the proof of Lemma 4.9 (I(g,, a) c i( F,, a) + C), 
and what makes things easier here is that the sequence of foliations F, is the same 
as F, except that its transverse measure is being multiplied by a sequence of real 
numbers going to infinity. 
It is natural to ask what is the limiting behaviour of stretch lines when we endow 
them with the opposite orientation. 
Again, these lines are defined for any maximal geodesic lamination CL, and their 
definition does not depend on a transverse measure on the lamination. 
Recall that without a transverse measure, p does not define an element on the 
boundary of T. It can, for example, admit more than one proportionality class of 
transverse measures (this is the case of a nonuniquely ergodic lamination), or no 
transverse measure at all (like in the case of a punctured surface, with the lamination 
p having a finite number of leaves, all converging to cusps). Nevertheless, in all 
these cases, the mapping &, still makes sense. 
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There is a case where we can assure that these “anti-stretch” lines have a limit 
point on the boundary of Teichmiiller space, and this is the case where p is a 
uniquely ergodic measured lamination. In that case, we have the following: 
Proposition 5.2. For a uniquely ergodic CL, every anti-stretch line contlerges to the point 
on the boundary of Teichmiiller space defined by the class [CL] of + 
Before proving this proposition, we prove the following lemma 
Lemma 5.3. Let u be a uniquely ergodic maximal geodesic lamination, and let g, be 
a sequence of hyperbolic metrics going to infinity. If the sequence of lengths of p with 
respect to g,, is bounded, then g, converges to [p] in the topology of [FPRS. 
Proof. Let [F] be a cluster point of the sequence g,, in PMF. Then there exists a 
representative F of this class, with a sequence x, of real numbers converging to 0 
such that the sequence x,.g, converges to F in the topology of IRS. 
We have i( F, p) = lim x,.l(g,, p) = 0. The fact that p is uniquely ergodic implies 
now that [F] = [u] (see Masur [8]), and therefore g,, converges to [F]. 0 
Proof of Proposition 5.2. Let g, be a sequence of elements of T, associated by the 
map c$~ to a sequence of elements F,, in MF(p), where F, = l/?;,.F, with L(,, a 
sequence of positive reals converging to infinity. 
The sequence g, goes to infinity in T, for by Lemma 3.13, we have 
k, CL) = i(p, Ily,.F) = lly,.G, F) 
which tends to 0. 
The fact that I(g,, p) is bounded above implies also, by Lemma 5.3, that g, 
converges to p. 0 
Remarks 5.4. (1) For the proof of Proposition 5.2, we could not appeal to Theorem 
4.1, because, although the sequence of metrics goes to infinity, the sequence of 
horocyclic foliations does not go to infinity in MF, but to 0. 
(2) In the case treated in [12], where the surface has cusps and where the 
lamination p is finite, the behaviour of the anti-stretch lines is completely different. 
In this case (where cr. does not have compactly supported transverse measures), the 
lines do not converge to infinity but to a point in Teichmiiller space which corre- 
sponds to a “symmetric gluing of the ideal triangles”, using the terminology of 
Thurston in [15, 59.41. As Thurston points out, in that case the cone MF(p) is 
naturally a vector space, with the origin corresponding to this point of symmetric 
gluing. 
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6. The extension of the earthquake flow 
Throughout the rest of this paper, ZYp will denote the normalized earthquake flow 
associated to the maximal measured lamination CL, in the sense defined in the 
introduction. 
In [15], Thurston gives a description of the earthquake flow in terms of the 
parameters of Teichmiiller space associated to /.L which we have been working with. 
This description is simple, in the sense that it does not involve taking limits of 
earthquake flows along simple closed curves. On the other hand, using our Theorem 
4.1, we shall show that the flow on MF which appears naturally in this description 
gives rise to a flow on PMF which extends continuously the earthquake flow gfi. 
For the convenience of the reader, we shall recall Thurston’s description of the 
earthquake flow that we are referring to; this involves the notion of shear coordinates 
for the space MF(p) of equivalence classes of measured foliations transverse to p*, 
on which we make some digression. 
Let F be a measured foliation transverse to CL, and T a train track on the surface 
S, which is an .s-approximation of p (in the sense of [14, Chapter 81). If the 
approximation is fine enough, we can represent T by a train track which is transverse 
to F, since p is itself transverse to F (for more details, the reader can also consult 
[ 14, Chapter 81 and [ 11, 921). 
Following Thurston [15, $91, the measured foliation F induces a system of 
coefficients on T, which are called the shear coordinates of F, and which are defined 
in the following manner: Let e be an edge of 7: To each one of the two sides of e 
on the surface, there is naturally associated a component of S - 7. This component 
is a triangle, and by the transversality of F to T, it is easy to see that each such 
triangle contains exactly one singular point of F, which is a 3-pronged singularity. 
Furthermore, if we consider the foliation induced by F on this region, for each one 
of the three sides of this region, there is a leaf issuing from the singular point that 
hits this side. 
Let V, and V, be the complementary regions of T associated to the edge e. (Note 
that V, may be equal to V,). The edge e is contained in a side of each of these 
components (a side being a union of edges joining two cusps), and on such a side, 
there is a distinguished point, which is the point where the leaf issuing from the 
singularity of F contained in that component hits this side. 
Now for the edge e, there is a real number s(e) which we can associate to it, 
which is the algebraic distance (measured with respect to the transverse measure 
of F) between the hitting points on each side of this edge, with the rule that left 
shears are counted positively, and right shears negatively. Because the two hitting 
points are not necessarily joined by a smooth arc in the train track, we have to be 
more precise in the definition. For this, we choose a reference point P on the side 
e, and we measure the shear coordinates on each side of e with respect to that 
reference point. The sign convention is the one that is usually used to define left 
earthquakes or left Fenchel-Nielsen deformations. Note that the definition does 
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not involve the choice of an orientation on the edge e, but only a choice of an 
orientation for the surface. For the sign convention, we refer to Fig. 7. 
Up to symmet~, there are two cases, and these two cases are represented in Fig. 
7(a) and (b). In Fig. 7, P is the reference point on the edge e, and C and D are 
the hitting points on the corresponding sides (the leaves of F are represented in fat 
lines). In Fig. 7(a), the shear coordinate induced by F on the edge e is equal to 
the sum x-l-y, where x and y are respectively the transverse measures of the arcs 
PC and NJ. In Fig. 7(b), the shear coordinate is equal to the difference x-y- 
Fig. 7, 
A~~ord~ff~ to Thurston fl5, rj93), we can define the ea~hquake flow 2$ on 
Te~chm~~ler space by transposing, z&z the homeomorphism 4, defined in Theorem 
2.1, a flow h, defined on the space MF(p). In other words, the deformation of 
hype&o% structures is defined via a deformation of the associated horocyclic 
foliations. 
To define the flow 5, tet F be an element of MF(&*). Then as before, we consider 
a train track T which is an ~-approximation of F, and which is transverse to F. The 
foliation F induces a system of shear coordinates on the edges of r. 
The measured lamination p also induces a system of weights on the edges of 7; 
which we shall call the rr~~~~e~se co~r~j#a~~s of p with respect to this train track, 
to distinguish them from shear coordinates. The transverse coordinates are the set 
of weights that the lamination p induces on the ftbres of a regular neighborhood 
of ,u. (So these are the usual train track coordinates, defined in [14].) 
We can naw define the flowline ~~(F~~~~ passing through the point F: 
De~nit~on 6.1. According to Thurston [I.?, §9], the element F’ = ~~~~F~ in ~~(~~ 
can be defined by its shear coordinates on T. For any edge TV of this train track, if 
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s(e) is the shear coordinate of F on e, and x(e) the transverse coordinate of /A, 
then the shear coordinate of F’ on e is equal to the quantity s(e)+ r.x(e).i(p, F). 
This defines the element F’ of MF(p). 
We note the following 2 facts: 
Fact 6.2. The quantity i(p*, F) is equal (by Lemma 3.13) to the length of p with 
respect to the initial metric (at time t = 0). (Recall that when we talk about the 
length of a measured lamination with respect to a metric, we assume that the 
lamination has been made geodesic for this metric.) It is also equal to the length 
of cr. with respect to the metric at any time t, since the length of p is invariant under 
the earthquake flow. Therefore, it is also equal to i(p, F’). 
Fact 6.3. The term i(p, F) appears in the formula giving the new shear coordinates 
because we are defining the normalized earthquake how. For the nonnormalized 
flow, we would have used the same formula, without this term. 
Let us show now that the flow h,! coincides with a flow that we have already 
studied in [ll], and which we have called 5YPf. In particular, this will prove that 
the description of EX@r in shear coordinates is well defined. 
Given the train track 7 above, which approximates the lamination CL, we can 
represent the equivalence class of p by a partial measured foliation G whose support 
is equal to a regular neighborhood of 7, and which is transverse to F. In this way, 
the couple (F, G) is as defined in [ll, 44.61, which allows us to define, for every 
t E IR, a new element %‘,I( F) in MF. The definition is as follows. 
On Supp G (the support of G), the two transverse measured foliations define a 
flat structure with singularities, on which we can define a “horizontal” measured 
foliation by being the one induced by G, and a “vertical” one, induced by F. With 
these data, the notion of a “foliation of constant slope” is well defined on Supp G. 
Xwl( F) is now defined as the equivalence class of the measured foliation F’ which 
coincides with F on the complement of Supp G, and which on this support is the 
foliation whose leaves make with the vertical foliation a constant angle (Y defined 
by tg cy = t.i( F, G). Note that the transverse measure of F’ is completely determined 
by its value outside the support of G. There is another way to formulate the definition 
of the foliation F’ on Supp G, which consists in saying that if we take local coordinate 
charts (x,y) in which the foliation F is given by Idx], and G by Idy], then F’ is 
given by Idx + (r.i( F, G))-’ dx]. 
We showed in [ 11, 04.51 that the equivalence class X@r( F) is independent of the 
choice of the representatives of the classes of F and p that we have chosen. 
It is easy to see now that the equivalence class SYpc(F) coincides with the class 
h,!(F). For this, it suffices to compare the shear coordinates on T induced by F,l 
with those induced by F, and see that for each edge of T, they differ by the quantity 
x(e).r.i(F, p) which appears in Definition 6.1. 
174 A. Papadopoulos 
In Fig. 8, we have represented the partial measured foliation G and the separatrices 
issuing from two singular points which are in the regions of M - Supp G adjacent 
to a rectangle of the foliation G which is a thickening of the edge e of r. 
In dotted lines are represented the separatrices of the new measured foliation F’. 
In Fig. 8, the shear coordinate of F induced on the edge e is equal to the F-measure 
(i.e., for the transverse measure of F) of the arc AB, which represents the relative 
distance of the two singular points (relative to the edge e). 
On the other hand, the shear coordinate induced by F’ on the same edge is equal 
to the F-measure of AC. Therefore, the difference of shear coordinates is equal to 
the F-measure of the segment BC, which, by the definition of the flow XP, is equal 
to rga x (the G-measure of BD), which is equal to t.i(p, F).x(e), since the G- 
measure of BD is equal to the transverse measure of p induced on the edge e of 
7. It is easy to verify that in the other configurations of the separatrices with respect 
to the edge e of r (see Fig. 7), the shear coordinate of S-V@!(F) is equal to that of 
h,l(F), and the two flows %‘+ and h, are the same. 
We saw in [ 1 l] that the flow XPl( F), which is first defined on the subset {i(p,.) # 0) 
of MF, extends continuously by the identity to the rest of the space. An alternative 
proof of this fact can be given using the following lemma 
Lemma 6.4. For every element y in S, and every real number t, we have 
li(x’,4F), Y) - i(C ~11s Itl.i(F, P).~(Y, ~1. 
Proof. We can represent the class y by a curve which we shall call also y, and 
which is quasi-transverse to F in the sense of [4, Expose 51. This curve y crosses 
a certain number of times the support of the partial measured foliation G 
representing p. 
Fig. 8. 
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In order to estimate the quantity i( %+I( F), y) - i( F, y), we consider the situation 
described after Fact 6.3 where the foliation G and the curve y are given, and where 
F has been transformed into F’. Consider the transverse measure of y with respect 
to the foliation F’. 
The F’-measure of the arcs in y which are in the complement of Supp G is of 
course the same as their F-measure. Now in Supp G, recall that the measured 
foliation is defined by replacing the leaves induced by F by leaves making an 
angle LY with these, where LY is given by tg (Y = t.i(F, p). Therefore, for each arc 
L of intersection of y with Supp G, we have Z(a%,,f( F), L) - I(F, L) s 
li(F, pL)I x (G-measure of the arc L), where I( ,) denotes transverse measure. 
By taking the sum of all the arcs L, we find that 
i(zsr(F), 7)s i(E r)+&(F, I*).~(Y, G). 
By minimizing the transverse measure of the class of y with respect to G, we obtain 
i(a%;g(F), Y)G i(F, Y)+lfl.i(F, tc-).i(n G). (2) 
The same reasoning applied to the inverse flow, which sends XPf(F) to F, gives 
i(F, 7)~ i(x&(F), y)+bb(F,/1)4~, G). (3) 
The inequalities (2) and (3) prove the lemma. 0 
We state as a proposition the facts that we have now proven: 
Proposition 6.5. The flow h, extends to a continuous jlow defined on the whole space 
MF, which is the identitypow on the complement of the space MF(p). 
Remark. The extended flow on MF is homogeneous, and defines therefore a quotient 
how on the space PMF which is continuous, and which we shall denote by g2,1. 
The fixed-point set of 9!fil is equal to the complement in PMF of the set PMF(p). 
We can now prove the following 
Theorem 6.6. The normalized earthquake flow EP admits a continuous extension to 
Thurston’s boundary of Teichmiiller space, and the induced jlow on the boundary is 
thejlow 9,~. 
Proof. Let g, be a sequence of points in T converging to the point [F] in PMF. 
Suppose first that [F] is in PMF(p). By the first part of Theorem 4.1, we know that 
the sequence [FP(gn)] of projective classes of the associated horocyclic foliations 
converges also to [F]. 
Let t be an arbitrary real number. By the continuity of the flow 9, on PMF, the 
sequence 22Zrt[FP(g,,)] converges to the point S!,c[F]. Therefore, [hrf(FP(g,,))] con- 
verges to S!,f[F]. 
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Note now that for every n, hfll(FF(gn)) is the horocyclic foliation of the hyperbolic 
structure GYfil(gn). Note also that as the sequence g, converges to the class [F], with 
i(F, CL) # 0, the sequence f(g,, p) tends to infinity. But 1(g,, p) = i(F,(g,), CL), by 
Lemma 3.13. Therefore, the sequence F,(g,) tends to infinity in MF. By the continuity 
of the flow h, on MF, the sequence h,f(F,(g,)) also tends to infinity in MF. 
Therefore, we can use the second part of Theorem 4.1 to conclude that the sequence 
g+l(g,) converges to the point 9,l[F]. 
We deal now with the case where the point [F] is not in PMF(/I). We have a 
sequence x, of positive real numbers that converges to 0, with 
x,.g, + F (in the topology of I2:). 
In particular, we have 
(4) 
x,.I(g,,,p)+i(f;p)=O, when n-,oo. (5) 
Now note that for any real number t, and any element (Y in the set S, we have 
the following inequality, which is analogous to the one we have proved in Lemma 6.4. 
l@X?“), ~)-~(g”,~)l~Itl.~(g,,~).i(~, a). 
To see that the above inequality is true, note that it is true, by [lo], ifp, instead 
of being a minimal measured geodesic lamination, was a simple closed geodesic 
(and so the flow would be a normalized Fenchel-Nielsen twist flow). The case where 
p is an arbitrary measured lamination follows then by a continuity argument as 
before (see Section 1). 
Therefore, we also have 
Ix,A~/Ag,,), a) -xAgri, #=n.l~l.kL, P).I’(cL, a). 
Now using (4) and (5), we have 
Ix,.l(~~~(g,),a)-i(F,a)l-,O as n+co. 
Therefore, x,.E’V(g,) + Fin [wf, and the sequence gfif(g,,) converges to [F] in P’plw~. 
This completes the proof of Theorem 6.6. 0 
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